Feynman amplitudes of light-cone gauge string field theory for Type II superstrings are shown to be equivalent to those of the covariant first quantized formulation. In order to regularize the contact term divergences, we consider the theory in a linear dilaton background Φ dilaton = −iQX 1 . We show that the scattering amplitudes are correctly reproduced in the limit Q → 0, even with Ramond sector external
Introduction
It has been a long standing problem to construct a string field theory for closed superstrings, because of the problems with the method to calculate multiloop amplitudes using the picture changing operators.
Light-cone gauge amplitudes
A Feynman diagram in the light-cone gauge string field theory, as schematically shown in figure 1, is made from the propagator and the vertex depicted in the same figure. A g-loop N -point amplitude is given in the form A (g)
where T K (K = 1, · · · , 6g − 6 + 2N ) denote the moduli parameters of the light-cone diagram. In the case of Type II superstrings, the integrand F (g)
N is given as a path integral over the transverse variables on the light-cone diagram. In this paper, we consider the flat background for simplicity and the transverse variables are X i , ψ i ,ψ i (i = 1, . . . , 8). The light-cone diagram can be regarded as a punctured Riemann surface Σ.
On Σ, there exists a unique holomorphic coordinate ρ whose real part is proportional to the light-cone time.
ρ can be expressed in terms of a local coordinate z as [34] ρ(z) = Here E(z, w) is the prime form of the surface, ω is the canonical basis of the holomorphic abelian differentials,
Ω is the period matrix 3 and z = Z r (r = 1, · · · , N ) are the punctures. The path integral on the light-cone diagram is defined by using the metric
This metric is not well-defined at the punctures, and the interaction points of the light-cone diagram z = z I (I = 2g − 2 + N ), which satisfy ∂ρ (z I ) = 0 .
F (g)
N can be expressed in terms of correlation functions defined with a metric dŝ 2 = 2ĝ zz dzdz which is regular everywhere on the worldsheet, as is defined with the metric dŝ 2 = 2ĝ zz dzdz. Since the integrand is defined by using the metric (2.3), we need the Weyl anomaly factor e The right hand side of (2.4) does not depend on the choice ofĝ zz . The most convenient choice forĝ zz is the
Arakelov metric g
A zz [36, 37, 38] . The explicit form of e
−Γ[ϕ;g
A zz ] is given as [34] e −Γ[ϕ;g 
where z I (r) is defined to be the coordinate of the interaction point at which the r-th external line interacts.
With the e
given by (2.6), it is possible to write down the amplitude (2.4) explicitly using the formulas for correlation functions of the transverse variables on higher genus Riemann surfaces given in sections 4.1 and 4.2.
Amplitudes in the conformal gauge
The amplitude (2.1) can be expressed by conformal gauge worldsheet theory. Namely, as we will show in section 5, (2.4) is proportional tô
with vertex operators V r (Z r ,Z r ) whose explicit forms will be given shortly. Here S tot denotes the worldsheet action for the conformal gauge variables, D [XBC] denotes the path integral measure for them,
is the picture changing operator (PCO),X (z) is its antiholomorphic counterpart and T F denotes the supercurrent for the matter part of the worldsheet theory. The contours C K and ε K = ±1 are chosen so that the antighost insertions correspond to the moduli parameters for the light-cone diagram [32] . The expression (3.1) coincides with the integrand of the amplitude obtained by the covariant approach [39, 40] , in which the locations of the PCO's are taken to be the interaction points of the light-cone diagram 4 .
The vertex operators V r (Z r ,Z r ) are chosen from those constructed in appendix A.2. Suppose that the left moving part of V LC r for r = 1, · · · , N − 2M are in the NS sector and those for r = N − 2M + 1, · · · , N are in the R sector. We use indices s, s
In constructing the conformal gauge amplitudes, we need to treat the following two cases separately:
1. M = 0 or the spin structure is even.
2. M = 0 and the spin structure is odd.
Although the case M = 0 is our main concern in this paper, here and in the following, we also discuss other cases for completeness. If M = 0 or the spin structure is even, the left moving part of
When all the external lines are in the NS sector and the spin structure is odd, two of the vertex operators should be taken to be in the pictures 0 and −2 [33] . For example, we take
The right moving part of the vertex operator V (pR) r R (Z r ) (r = 1, · · · N ) are defined following the same rule depending on V LC r R and the spin structure of the right moving sector. Combining these, we get the vertex operator V r (Z r ,Z r ) expressed as
r R (Z r ) . 4 Notice that in the light-cone setup, the positions of the PCO's have a fixed coordinate in the coordinate patch on the surface and we do not need the ∂ξ terms. 5 The amplitude does not depend on which of the R sector vertex operators are chosen to be in the − 1 2 picture.
Correlation functions on higher genus Riemann surfaces
In order to show that (3.1) is proportional to (2.4), we need to know the correlation functions of the longitudinal variables X ± , ψ ± and the ghosts. These correlation functions are derived from the so-called bosonization formula [41, 42, 43] . The correlation functions for a free field theory with central charge c are recast into the form [44, 45] (left moving part) × (right moving part) × e −cS , (4.1)
for g = 1 and
3)
Here △ is the Riemann class and σ (z) is the holomorphic g 2 form which transforms as
when z is moved around the B J cycle once, and invariant when z is moved around the A J cycles. S, A are quantities which do not depend on z. Since the total central charge of the worldsheet theory vanishes, we need only the left moving or right moving part of the correlation function to calculate F (g) N . In this section, we collect the necessary formulas to evaluate (3.1).
Free bosons
Let us consider a free scalar boson X. The correlation functions of local operators e ipX can be expressed as an integration of the holomorphically factorized correlation function at the fixed internal momenta [35] :
where S X denotes the action for X and r e ipr XL (Z r )
. 
Correlation functions involving derivatives of X can be derived from (4.5) in a holomorphically factorized form.
Free fermions
Let us bosonize the free fermions ψ ± so that
For an even spin structure, the left moving part of the correlation function of ψ ± is given by [32] 
where
is the Szegö kernel and α L corresponds to the spin structure of the fermion. When there are Ramond sector external lines, the correlation function we need for calculating the amplitude (3.1) is
S αL (x, y) can be considered as the propagator of the fermions in the presence of the spin fields. Notice that
P0 ω = 0 for generic Z s ′ , Z s ′′ and there are no problems about (4.8) even when α L corresponds to an odd spin structure.
When all the external lines are in the (NS,NS) sector and the spin structure is odd, the formula we need
and
The reparametrization ghost
The correlation function of the bc system which appear in (3.1) is evaluated aŝ
α r e
ReN
rr 00
A proof of this formula was given in [34] .
The superghost
The superghost system is bosonized so that
The left moving part of the correlation function relevant to superstring amplitudes involving Ramond sector external lines is
The formula relevant for odd spin structure amplitudes is
(4.14)
Useful formulas
Since z I (I = 1, · · · , 2g − 2 + N ) and Z r (r = 1, · · · , N ) are the zeros and poles of the one form ∂ρ (z) dz respectively,
with m, n ∈ Z g . Using this, we get the following expression of e −Γ[ϕ;ĝzz] in (2.6)
Other useful formulas can be derived from
where C is a quantity which does not depend on z [34] . Substituting (2.7), (4.2), (4.3) and (4.15) into this, we get
where C ′ is a quantity which does not depend on z. From this formula, it is easy to get
6 Since ρ and z I depend on the antiholomorphic moduli, it may not be appropriate to identify 1 LC with the left moving part of e −Γ[ϕ;ĝzz ] .
Equivalence of the light-cone gauge amplitude and the conformal gauge amplitude
With the formulas collected in the previous section, let us prove that (3.1) is proportional to (2.4) . It is possible to show that (3.1) is equal tô
A proof is given in appendix B. Eq. (3.1) can be recast into the form
Here S
denote the action and the path integral measure of the longitudinal variables and the ghosts.
From (4.8), (4.10), (4.13), (4.14), (4.17), (4.19) and (4.20), we obtain formulas useful in performing the path integral over the longitudinal variables and ghosts in (5.2). When there are vertex operators in the R sector or the spin structure is even, we get
and for odd spin structures we have
Substituting this into (5.2), one can show that the conformal gauge expression (3.1) is proportional to the light-cone gauge expression (2.4). Comparing the factorization properties of these two expressions, one can fix the proportionality constant.
Dimensional regularization
Although the integrand F (g) N in (2.4) is proportional to the conformal gauge expression (3.1), the amplitude (2.1) itself is divergent because of the contact term divergences [18, 19, 20] . Fortunately, these are the only spurious singularities to worry about in the light-cone gauge formulation. In the previous papers [32, 33] , we have shown that it is possible to regularize the divergences by dimensional regularization, if all the external lines are in the (NS,NS) sector. In this section, we would like to show that the same results hold for the other cases.
The contact term divergences are regularized by taking the worldsheet superconformal field theory to be the one with central charge c = 12. We take the worldsheet theory to be the one in a linear dilaton background Φ dilaton = −iQX 1 , with a real constant Q and a space-like direction X 1 [46] . The worldsheet action of X 1 and its fermionic partners ψ 1 ,ψ 1 on a worldsheet with metric ds 2 = 2ĝ zz dzdz becomes
Since the number of fermionic variables ψ i andψ i does not depend on Q, we do not have difficulties in dealing with chiral fermions in the regularization. It is straightforward to formulate the light-cone gauge string field theory with such a worldsheet theory.
The light-cone gauge amplitude becomes (2.1) with
In [46] , it was shown that the amplitude given by (2.1) with the integrand (6.2) is finite 7 for Q 2 > 10.
We use this light-cone gauge expression of the amplitude for Q 2 > 10 to define it as an analytic function of Q 2 , which is denoted by A LC Q 2 . The amplitude in the critical dimensions may be given by the limit
In order to study what happens in the limit Q → 0, we recast the expression of the integrand into the one given by correlation functions in the conformal gauge worldsheet theory.
Supersymmetric X ± CFT
As is explained in [27] , the light-cone gauge worldsheet theory in the linear dilaton background corresponds to the conformal gauge worldsheet theory with an unusual longitudinal part which is called the supersymmetric
The action of the supersymmetric X ± CFT for Type II superstrings is given in the form
where the supercoordinate z is given by
7 In [46] , it was shown that integrand becomes regular at the possible singularities for Q 2 > 10. These singularities may be harmless and the integral (2.1) may be well-defined for Q 2 slightly less than 10.
the superfield X ± is defined as
The interaction term Γ super is given by
which is the super Liouville action defined for Φ with the background metric ds 2 = 2ĝ zz dzdz.
When the spin structures are both even, the correlation functions of the supersymmetric X ± CFT are evaluated as [32] 
we can calculate it by replacing the X + (z,z) by its expectation value − i 2 (ρ s (z) +ρ s (z)) and derive the third line. Here ρ s ,ρ s are the supersymmetric version of ρ,ρ and expressed as
(6.9)
S αL and S αR are taken to be the Szegö kernel (4.7). The explicit form of e
and Γ ϕ;ĝ A zz given in (2.6). The correlation function (6.8) can be expressed as an integration of the holomorphically factorized correlation function at the fixed internal momenta with respect to X + + i 2 (ρ +ρ) , X − :
The correlation functions involving spin fields or those for odd spin structure can be dealt with in the same way. With the spin fields, we get
where S αL and S αR in (6.9) should be chosen from those given in 4.2 depending on the situation. It is straightforward to obtain the holomorphically factorized correlation function at the fixed internal momenta
When α L corresponds to an odd spin structure, we get 15) in which S αL is taken to be the one given in (4.11). The right moving part can be defined in the same way. From these correlation functions, it is straightforward to check that the theory for the longitudinal variables X ± , ψ ± ,ψ ± is a superconformal field theory, in the same way as was done in [47] . The super stress With the ghost system and the stress tensor of the transverse variables, one can construct the BRST charge which turns out to be nilpotent. Therefore the regularization can be considered to be a gauge invariant one.
Q → 0
The conformal gauge worldsheet theory corresponding to the light-cone theory in noncritical dimensions consists of the supersymmetric X ± CFT, the supersymmetric ghost system and the worldsheet theory of the transverse variables. The integrand (6.2) can be expressed in terms of correlation functions of the conformal gauge worldsheet theory. It is possible to show that 19) whereẑ I (r) ,ẑ I (r) are the operator valued coordinates defined in [33] and the vertex operators are those constructed in appendix A.2. The proof goes in a way similar to the critical case. As is proved in appendix B, the conformal gauge expression (6.19) is equal tô
Using (4.12), (4.13), (4.14), (6.15) and (6.14), we obtain
Substituting this into (6.20) , one can see that (6.19 ) is proportional to (6.2).
With the conformal gauge expression (6.19), we can show that the limit lim Q→0 A LC Q 2 coincides with the result of the covariant approach in the same way as was done in previous papers [32, 33] . In the covariant formulation, the amplitudes can be obtained by the method given by Sen and Witten in [7, 8] using the PCO's.
Even with Q = 0, since the vertex operators, PCO's and the insertions e − iQ 2 αr X + ẑ I (r) ,ẑ I (r) commute with the BRST charge, the conformal gauge expression (6.19) can be deformed to define the amplitudes following the Sen-Witten prescription. We can divide the moduli space into patches and put the PCO's avoiding the spurious singularities as was explained in [7] and define the amplitude A SW Q 2 . Moving the locations of the PCO's, the amplitudes change by total derivative terms in moduli space. For Q 2 large enough, these total derivative terms do not contribute to the amplitudes, because the infrared divergences are regularized.
Therefore
as an analytic function of Q 2 . Since A SW Q 2 is free from the spurious singularities, it can be well-defined for Q 2 < 10 and
if the right hand side is well-defined. A SW (0) is exactly the amplitude in the critical dimensions obtained by the covariant approach.
Conclusions
In this paper, we have shown that the Feynman amplitudes of the light-cone gauge string field theory for
Type II superstrings coincide with those of the covariant first quantized approach, even with Ramond sector external lines. The divergences due to the collisions of the supercurrents inserted at the interaction points are regularized by taking the worldsheet theory of the transverse variables to be the one with a linear dilaton background Φ dilaton = −iQX 1 . The amplitudes are defined as analytic functions of Q 2 and in the limit Q → 0 they coincide with those of the critical string calculated by using the Sen-Witten prescription.
With the formulas given in this paper, it should be possible to do the same thing for heterotic strings and Type I strings. A problem with heterotic strings is the holomorphic factorization. The integrand F (g) N for heterotic strings should be given as a product of the holomorphic part of that for Type II superstrings and the antiholomorphic part of that for bosonic strings. Such a holomorphic factorization is subtle in the formulation of light-cone gauge string field theory, because the ρ coordinate depends on the antiholomorphic moduli parameters. We will discuss this issue in a separate publication. We have shown that the scattering amplitudes of Type II strings can be reproduced by the light-cone gauge string field theory with only cubic interaction terms. The regularization we propose regularizes the infrared divergences of superstring theory in a gauge invariant way. With such a formulation of superstring theory, we should be able to study nonperturbative dynamics of the theory. We will leave this subject for future investigation.
A Vertex operators
In this appendix, we present the forms of the vertex operators which are used in the main text. Here we consider the vertex operators in the noncritical case Q = 0. Those in the critical case can be obtained by putting Q = 0.
A.1 Light-cone gauge vertex operators
The light-cone vertex operators are local fields corresponding to the external states. The vertex operator V LC r Z r ,Z r corresponding to the r-th external state |r given by
as a tensor product of left and right moving states, can be given in the factorized form
accordingly.
For a left moving state
in the NS sector, the vertex operator is given by
denotes the left moving part of the variableX i (z,z). The momentum p r satisfies the on-shell
The factor (α r ) 1 2 on the right hand side of (A.2) comes from the normalization of the three string vertex and is essential for the Lorentz invariance in the critical case.
where S α is the spin field and the on-shell condition is
The right moving part of the vertex operator V LC r R Z r can be defined in the same way.
A.2 Conformal gauge vertex operators
We define the conformal gauge vertex operators corresponding to the vertex operator (A.2) in the NS sector −s for the r-th string defined as
Here Φ is defined in (6.7) and X + L denotes the left moving part of X + . The vertex operators in (A.4) satisfy
where X is the picture changing operator (3.2) and Q B denotes the BRST charge. The matter supercurrent
The ellipses on the right hand side denote the terms which do not involve ψ
r L (Z r ) are the BRST invariant vertex operators in the −2, −1, 0 pictures respectively.
The conformal gauge vertex operators corresponding to (A.3) in the R sector are defined to be
These are the vertex operators in the − 3 2 , − 1 2 pictures respectively and satisfy
The matter supercurrent T F (z) satisfies the OPE
The ellipses on the right hand side denote the terms proportional to e i 2 H . The right moving version of (A.4) and (A.6) can be defined in the same way and the vertex operators in the (p L , p R ) picture for Type II superstring theory are given in the form
B A proof of the equality of (6.19) and (6.20) In this appendix, we show that (6.19) is equal to (6.20) . This can be done by using fermionic chargeŝ with a generic point w 0 on the surface and the integration contours on the right hand sides are taken to be the same. Since iX It is easy to show that the term¸z
w−zI e φ (z I ) does not contribute to the correlation function [33] .
We can do the same thing for the antiholomorphic part and eventually prove that (6.19) is equal to (6.20) .
Putting Q = 0, we also find that (3.1) is equal to (5.1).
